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Abstrat
We demonstrated that lassial mehanis have, besides the well
known quantum deformation, another deformation  so alled hyper-
boli quantum mehanis. The lassial Poisson braket an be ob-
tained as the limit h→ 0 not only of the ordinary Moyal braket, but
also hyperboli analogue of the Moyal braket. Thus there are two
dierent deformations of lassial phase-spae: omplex Hilbert spae
and hyperboli Hilbert spae (module over a so alled hyperboli al-
gebra  the two dimensional Cliord algebra). Ordinary (omplex)
and hyperboli quantum mehanis are haraterized by two types of
interferene perturbation of the lassial formula of total probability:
ordinary cos-interferene and hyperboli cosh-interferene.
1 Introdution
In a series of papers on probabilisti foundations of quantum theory [1℄
it was demonstrated that depending on the mutual disturbane of ob-
servables the onventional formula of total probability an be deformed
in two ways. One deformation of the formula of total probability is
the well known formula for quantum interferene of probabilities:
P(b = bj) = P(b = bj/a = a1)P(a = a1)+P(b = bj/a = a2)P(a = a2)
(1)
1
+2cos θ
√
P(b = bj/a = a1)P(a = a1)P(b = bj/a = a2)P(a = a2)
Here b = b1, b2 and a = a1, a2 are two dihotomous random variables.
Thus the onventional formula of total probability is perturbed by the
trigonometri term. Suh a formula of total probability with interfer-
ene term an be easily derived by using the onventional quantum
formalism: one should make transition from the orthonormal basis
{ebj}
2
j=1 (orresponding to the observable bˆ) to the orthonormal ba-
sis {eaj}
2
j=1 (orresponding to the observable aˆ). We pay attention
that in [1℄ this formula was derived in purely lassial (but ontextual)
probabilisti framework without to appeal to the quantum formalism.
Of ourse, a lassial probabilisti reonstrution of nonommutative
struture of QM is important for better understanding of QM. How-
ever, the ontextual probabilisti approah does not only reprodue
the well known quantum nonommutative struture. There appears
naturally another quantum-like struture whih we alled hyperboli
QM, see [1℄. The starting point was that the ontextual probabilisti
formalism indues not only the onventional quantum formula of total
probability (1), but also another formula, see [1℄:
P(b = bj) = P(b = bj/a = a1)P(a = a1)+P(b = bj/a = a2)P(a = a2)
(2)
±2 cosh θ
√
P(b = bj/a = a1)P(a = a1)P(b = bj/a = a2)P(a = a2)
(here θ annot be arbitrary and the range of variation of θ depends
on probability distributions of observables a and b). In [1℄ it was
demonstrated that the formula of total probability with the hyper-
boli interferene term (2) also an be derived in the framework of the
so alled hyperboli quantum mehanis. In the hyperboli quantum
mehanis [1℄ observables are represented by self-adjoint operators in a
hyperboli Hilbert spae  Hilbert module over the two-dimensional
Cliord algebra G  hyperboli algebra.
It is interesting that hyperboli quantization also appeared natu-
rally in relativisti quantum physis. The hyperboli numbers oer the
possibility to represent the four-omponent Dira spinor as a two om-
ponent hyperboli spinor. Huks has shown [2℄ that the Lorentz group
is equivalent to the hyperboli unitary group. Poteous [3℄ proved the
unitarity of speial linear group with the help of the double eld, whih
orresponds to the null basis representation of the hyperboli numbers.
S. Ulryh investigated the hyperboli representation of Poinare mass
[4℄. He also studied symmetries in the hyperboli Hilbert spae [4℄.
2
Appliations of hyperboli numbers in general relativity an be found
in the paper [5℄ of G. Kunstatter et al. These intensive appliations
of hyperboli numbers in quantum physis indues a natural question:
What is a lassial limit of the hyperboli QM?
We study this problem in this note. We reall that in the on-
ventional quantum mehanis this problem is solved by using the de-
formation quantization framework, see partiularly the work of Moyal
[6℄ (and, e.g., [7℄, [8℄ for the modern presentation and various general-
izations). In this framework it is proved that when h → 0 the Moyal
braket on the spae E(Q×P ) of symbols a(q, p) of pseudo-dierential
operators (representing quantum observables) is transformed into the
Poisson braket.
We use the same approah in the hyperboli ase. We develop a
alulus of pseudo-dierential operators over the hyperboli algebra G
and found the limit of the hyperboli Moyal braket. Surprisingly we
obtain the standard Poisson braket. Thus:
The lassial limit of hyperboli quantum mehanis is or-
dinary lassial mehanis.
This derivation needs quite a lot of mathematis (whih is similar
to used in so alled funtional superanalysis, see, e.g. [9℄, [10℄, [8℄).
These mathematial investigations an be omitted and physiists an
go diretly to theorems 2 and 3 and onlusions at the end of setions
2 and 3:
Classial mehanis an be deformed in two ways by using om-
plex and hyperboli representations. These deformations desribe two
dierent types of interferene of probabilities: the trigonometri inter-
ferene and the hyperboli interferene.
2 Hyperboli numbers
We introdue an involution in G by setting z¯ = x− jy and set |z|2 =
zz¯ = x2 − y2. We remark that |z| =
√
x2 − y2 is not well dened for
an arbitrary z ∈ G. We set G+ = {z ∈ G : |z|
2 ≥ 0}. We remark that
G+ is a multipliative semigroup as follows from the equality
|z1z2|
2 = |z1|
2|z2|
2.
Thus, for z1, z2 ∈G+, we have |z1z2| = |z1||z2|. We introdue
ejθ = cosh θ + j sinh θ, θ ∈ R.
We remark that
ejθ1ejθ2 = ej(θ1+θ2), ejθ = e−jθ, |ejθ|2 = cosh2 θ − sinh2 θ = 1.
3
Hene, z = ±ejθ always belongs to G+. We also have
cosh θ = e
jθ+e−jθ
2 , sinh θ =
ejθ−e−jθ
2j .
We set G
∗
+ = {z ∈ G+ : |z|
2 > 0}. Let z ∈G∗+. We have
z = |z|( x|z| + j
y
|z|) = sign x |z| (
xsignx
|z| + j
ysignx
|z| ).
As
x2
|z|2
− y
2
|z|2
= 1, we an represent x sign x = cosh θ and y sign
x = sinh θ, where the phase θ is unequally dened. We an represent
eah z ∈G∗+ as
z = sign x |z| ejθ .
By using this representation we an easily prove that G
∗
+ is a mul-
tipliative group. Here
1
z
= signx|z| e
−jθ. The unit irle in G is dened
as S1 = {z ∈ G : |z|
2 = 1} = {z = ±ejθ, θ ∈ (−∞,+∞)}. It is a
multipliative subgroup of G
∗
+.
We remark that for any y ∈ R the map:
R→ G, x→ χy(x) = e
jyx,
is an additive G-valued harater:
χy(x1 + x2) = χy(x1)χy(x2), x1, x2 ∈ R,
|χy(x)| = 1.
We shall use these G-valued haraters on R to dene an analogue of
the Fourier transform and pseudo-dierential operators. We demon-
strate that, besides the ordinary quantum mehanis based on C-
valued haraters, there exists another natural quantum model based
on G-valued haraters  hyperboli quantum mehanis. Both quan-
tum models have the same lassial limit.
We also introdue on G the positive norm
‖z‖ =
√
x2 + y2.
whih will be used in analysis over G.
3 Ultra-distributions and Pseudo-dierential
operators over the hyperboli algebra.
We reall that for a funtion ϕ : R → C the Fourier transform is
dened by
ϕ˜(p) =
1
2pih
∫ +∞
−∞
e
−ipq
h ϕ(q)dq
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and the inverse Fourier transform given by:
ϕ(q) =
∫ +∞
−∞
e
ipq
h ϕ˜(p)dp. (3)
These formulas are well dened for, e.g., funtions ϕ ∈ S, where S is
the spae of Shwartz test funtions. A pseudo-dierential operator aˆ
with the symbol a(q, p) is dened by
aˆ(ϕ)(q) =
∫ +∞
−∞
a(q, p)e
iqp
h ϕ˜(p)dp. (4)
We would like to use the analogous denitions in the ase of funtions
ϕ : R → G, and a : R × R → G by using instead of additive C-
valued haraters x→ eix additive G-valued haraters x→ ejx. The
only problem is that the latter exponent is not bounded and, e.g.,
the lass of funtions S annot be used as the base of the hyperboli
Fourier alulus. Even if we hose the spae D of test funtions with
ompat supports, then, for ϕ ∈ D, the inverse Fourier transform (3)
is in general not well dened.
One of the ways to proeed in suh ase is to use the theory of an-
alyti generalized funtions, ultradistributions, f. [7℄. Let us onsider
the spae A(R,G) of analyti funtions:
f(x) =
∞∑
n=0
fnx
n, fn ∈ G,
and ||f ||R =
∑∞
n=0 ||fn||R
n <∞,∀R > 0. TheG-module A(R,G) an
be endowed with the topology given by the system of norms {|| · ||R}.
This is a omplete metrizable G-module (Frehet module). We denote
by the symbol A′(R,G) the spae of ontinuous G-linear funtionals:
λ : A(R,G)→ G.
Funtions ϕ ∈ A(R,G) are alled analyti test funtions, funtionals
ϕ ∈ A′(R,G) are alled (G-valued) ultradistributions. As usual in
the theory of distributions, we dene the derivative of λ ∈ A′(R,G)
by (dλ
dx
, ϕ) = −(λ, dϕ
dx
). This operation is well dened in the spae
A′(R,G). The Fourier transform of an ultradistribution λ ∈ A′(R,G)
is the funtion
λˆ(y) ≡ F(λ)(y) = (λ(x), ejyx), y ∈ R.
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Properties of the Fourier transform are olleted in the following propo-
sition and theorem:
Proposition 1. For any ultradistribution λ ∈ A′(R,G) its Fourier
transform is innitely dierentiable. We have:
dn
dyn
F(λ)(y) = jnF(xnλ(y));
F
(
dnλ
dxn
)
(y) = (−jy)nF(λ)(y)
.
We denote the Fourier-image of the spae of ultradistributions by
the symbol E(R,G).
We remark that the Dira δ-funtion δ(x) belongs to A′(R,G) and
as always, we have F(δ(n)) = (−jy)n. Thus, in partiular, the spae
E(R,G) ontains all polynomials with oeients belonging toG. The
desription of the spae E(R,G) is given by the following theorem:
Theorem 1. (Paley-Wiener) The Fourier-image E(R,G) is equal
to the spae
{ϕ ∈ A(R,G) :
∣∣∣∣
∣∣∣∣d
nϕ
dyn
(0)
∣∣∣∣
∣∣∣∣ ≤ CϕRnϕ}.
Thus the Fourier-image onsists of G-valued analyti funtions
whih have exponentially growing derivatives. The proof of this the-
orem is a rather long and we do not present it here. This prove is
similar to the prove of the analogous theorem in superanalysis, see [7℄.
To proeed to the theory of G-valued pseudo-dierential operators,
we hose the spae of symbols a(q, p) ∈ E(Q×P,G), where Q×P = R2
is the (ordinary) phase spae. We an easily generalize all previous
onstrutions to the multi-dimensional ase.
The map F : A′(R,G) → E(R,G) is one-to-one. Thus, for any
v ∈ E(R,G), there exists the unique ultradistribution λ ∈ A′(R,G) :
F(λ) = v. We denote this λ by the symbol v˜. We shall also use (as
people do in physis) the symbol of integral to denote the ation of
an ultradistribution λ to a test funtion f : (λ, f) ≡
∫
f(x)λ(dx). In
partiular, F(λ)(y) ≡
∫
ejyxλ(dx), and, for a symbol a ∈ E(Q×P,G),
we have:
a(q, p) =
∫
ej(qp1+pq1)a˜(dp1dq1). (5)
To introdue into the model the Plank parameter h > 0, we modify
the denition of the Fourier transform for funtions ϕ from the domain
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of denition of a pseudo-dierential operator:
ϕ(q) =
∫
e
jqp
h ϕ˜(dp),
where λ = ϕ˜ ∈ A′. At the same time we preserve the denition (5) of
the Fourier transform for symbols. We dene the pseudo-dierential
operator aˆ with the symbol a ∈ E(Q × P,G) by the natural general-
ization of (3):
aˆ(ϕ)(q) =
∫
a(q, p)e
jpq
h ϕ˜(dp). (6)
We remark that E(P,G) ⊂ A(P,G). Thus the funtion f(p) ≡
a(q, p)e
jpq
h ∈ A(P,G) for any q ∈ R. Hene we an apply λ ≡ ϕ˜ ∈
A′(P,G) to the analyti test funtion f. In priniple, the formula (6)
an be used to dene a psedo-dierential operator aˆ with a symbol a ∈
A(Q×P,G). However, I do not know how to prove the orrespondene
priniple for this larger lass of symbols.
Let a(q, p) = q. Then aˆ(ϕ)(q) =
∫
qe
jpq
h ϕ˜(dp) = qϕ(q).
Let a(q, p) = p. Then aˆ(ϕ)(q) =
∫
pe
jpq
h ϕ˜(dp) = h
j
d
dq
∫
e jpq
h
ϕ˜(dp) =
h
j
d
dq
ϕ(q).
The rst operator qˆ is the position operator and the seond oper-
ator pˆ is the momentum operator. This is the hyperboli Shrödinger
representation:
qˆ = q, pˆ = h
j
d
dq
We have the hyperboli anonial ommutation relation
[qˆ, pˆ] = qˆpˆ− pˆqˆ = −hj.
Proposition 2.Any symbol a ∈ E(Q× P,G) denes the operator
aˆ : E(Q,G) → E(Q,G)
Proof. As always, we dene the diret produt of distributions λ1, λ2 ∈
A(R,G) :
(λ1 ⊗ λ2(x1, x2), ϕ(x1, x2)) = (λ1(x1), (λ2(x2), ϕ(x1, x2)))
for ϕ ∈ A(R2,G). This operation A(R,G)×A(R,G)→ A(R2,G) is
well dened. We have
aˆ(ϕ)(q) =
∫ [∫
ej(p1q+q1p)a˜(dp1dq1)
]
e
jpq
h ϕ˜(dp) =
∫
ej(p1q+q1p)+
jpq
h a˜⊗ ϕ˜(dp1dq1dp).
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Let us onsider the G-linear ontinuous operator
S : A(P,G)→ A(P ×Q× P,G), S(f)(p1, q1, p) = f(p+ p1h)e
jq1p.
Then we have
aˆ(ϕ)(q) =
∫
e
jqp
h a˜⊗ ϕ˜ ◦ S(dp).
Thus aˆ(ϕ) = F(λ), λ ∈ A′(P,G) : we have (a˜⊗ϕ˜◦S, f) = (a˜⊗ϕ˜,S(f)),
and, sine S is ontinuous, λ = a˜⊗ ϕ˜ ◦ S ∈ A′.
In fat, any pseudo-dierential operator aˆ : E → E is ontinuous
in a natural topology of indutive limit on E. However, we shall not
use this fat in this paper.
Proposition 3. Any pseudo-dierential operator an be repre-
sented in the form:
aˆ(ϕ)(q) =
∫
ejqp1ϕ(q + hq1)a˜(dp1dq1) (7)
Proof. We have
aˆ(ϕ)(q) =
∫ [∫
e
jp(q+hq1)
h ϕ˜(dp)
]
ejqp1 a˜(dp1dq1).
Theorem 1. (The formula of omposition). For any two pseudo-
dierential operators aˆ1, aˆ2 : E(Q,G)→ E(Q,G) with symbols a1, a2 ∈
E(Q×P,G), the omposition aˆ = aˆ1 ◦ aˆ2 is again a pseudo-dierential
operator with the symbol a ∈ E(Q× P,G) and
a(q, p) = a1∗a2(q, p) =
∫
ejq(p1+p2)+jp(q1+q2)+jhq1p2 a˜1⊗a˜2(dp1dq1dp2dq2)
(8)
Proof.By (7) we have:
aˆ1(aˆ2(ϕ))(q) =
∫
ejqp1a2(ϕ)(q + hq1)a˜1(dp1dq1) =
∫
ejqp1
[∫
ej(q+hq1)p2ϕ(q + hq1 + hq2)a˜2(dp2dq2)
]
a˜1(dp1dq1) =
∫
ejq(p1+p2)ejhq1p2ϕ(q + h(q1 + q2))a˜1 ⊗ a˜2(dp1dq1dp2dq2).
We introdue a G-linear ontinuous operator
B : A(P × Q,G) → A(P × Q × P × Q,G), B(f)(p1, q1, p2, q2) =
ejhq1p2f(p1 + p2, q1 + q2).
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We an write:
aˆ1(aˆ2(ϕ))(q) =
∫
ejqp1ϕ(q + hq1)a˜1 ⊗ a˜2 ◦B(dp1dq1).
Sine B is a ontinuous operator, λ = a1 ⊗ a2 ◦B ∈ A
′. Thus aˆ1 ◦ aˆ2
is also a pseudo-dierential operator and its symbol
a(q, p) = F(λ)(q, p) =
∫
ej(qp1+pq1)a˜1 ⊗ a˜2 ◦B(dp1dq1) =
∫
ej(q(p1+p2)+p(q1+q2))ejhq1p2 a˜1 ⊗ a˜2(dp1dq1dp2dq2).
We now introdue on the spae E(Q×P,G) of symbols the hyperboli
Moyal braket:
{a1, a2}∗(q, p) = a1 ∗ a2(q, p)− a2 ∗ a1(q, p),
where the operation * is dened by (8). We remark that ∗ = ∗(h)
depends on the Plank parameter h > 0. Thus the Moyal braket
also depends on h : {a1, a2}∗(h). On the spae of smooth funtions
f : Q× P → G we introdue the Poisson braket:
{a1, a2}(q, p) =
∂a1
∂p
(q, p)
∂a2
∂q
(q, p)−
∂a1
∂q
(q, p)
∂a2
∂p
(q, p).
The spae (E(Q × P,G), {·, ·}) is a Lie algebra. It ontains the Lie-
algebra of lassial mehanis, E(Q×P,R){·, ·}).
Theorem 2. Let a1, a2 ∈ E(Q× P,G). Then
lim
h→0
j
h
{a1, a2}∗(h)(q, p) = {a1, a2}(q, p), (q, p) ∈ Q× P. (9)
Proof. We have {a1, a2}∗(q, q) =∫
ejq(p1+p2)+jp(q1+q2)
[
ejhq1p2 − ejhq2p1
]
a˜1 ⊗ a˜2(dp1dq1dp2dq2) =
jh
∫
ejq(p1+p2)+jp(q1+q2) [q1p2 − q2p1] a˜1 ⊗ a˜2(dp1dq1dp2dq2) + 0(h).
We also have
∂a1
∂p
(q, p)∂a2
∂q
(q, p) =
∂
∂p
∫
ej(qp2+pq1)a˜1(dp1dq1)
∂
∂q
∫
ej(qp2+pq2)a˜2(dp2dq2) =
9
∫
j2q1p2e
jq(p1+p2)+jp(q1+q2)a˜1 ⊗ a˜2(dp1dq1dp2dq2).
Thus we obtain the following hyperboli Fourier-representation of the
Poisson braket:
{a1, a2}(q, p) =
∫
[q1p2−q2p1]e
jq(p1+p2)+jp(q1+q2)a˜1⊗a˜2(dp1dq1dp2dq2).
Hene we proved (1).
A pseudo-dierential operator aˆ is alled an observable if its symbol
takes only real values:
a : Q× P → R.
The algebra of observables an be identied with the algebra of symbols
(E(Q×P,R), ∗(h)), where the *-produt is given by (8). By theorem
2 the Lie-algebra of hyperboli observables (E(Q × P,R), {·, ·}∗(h)),
where {·, ·}∗(h) is the hyperboli Moyal produt, is the deformation
of the lassial Lie algebra (E(Q × P,R), {·, ·}), where {·, ·} is the
ordinary Poisson braket.
Conlusion. The hyperboli quantum mehanis in the limit h→
0 oinides with the lassial mehanis.
4 Classial limit of the hyperboli quan-
tum eld theory
The lassial limit for quantum systems with an innite number of de-
grees of freedom was investigated (on the mathematial level rigourosness)
in [11℄. I used the theory of ultradistributions on innite dimensional
spaes to build the alulus of innite-dimensional pseudo-dierential
operators
1
and introdue the Moyal deformation of the Poisson braket
on the innite dimensional ase, see [11℄ for detail. The same we an
do in the hyperboli ase.
Let X be an innite dimensional real topologial vetor (loally
onvex) spae, e.g., the spae S(Rn) of Shwartz test funtions or
the spae S∗(Rn) of Shwartz distributions. Denote by the symbol Y
the R-dual spae of X  the spae of R-linear ontinuous funtionals
y : X → R). As always, we use the notation (y, x) = y(x). Denote
the spae (G-module) of analyti funtions f : X → G by the symbol
1
First time innite-dimensional pseudo-dierential operators were introdued on the
mathematial level of rigorousness by O. G. Smolyanov [12℄.
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A(X,G) and the spae (G-module) of ontinuous G-linear funtionals
λ : A → G by the symbol A′(X,G).
We hoose A(X,G) as the spae of (analyti) G-valued test fun-
tions and A′(X,G) as the spae of G-valued (ultra) distributions.
G-valued additive haraters
2 (y ∈ Y ) on X,
x→ ej(y,x)
belong to the spae of G-valued analyti funtions. We dene the
Fourier transform of an ultradistribution λ ∈ A′(X,G) by:
λˆ(y) = F(λ)(y) = (λ, ej(y,·)), y ∈ Y
This is an analyti funtion on the dual spae Y = X∗ (endowed
with the strong topology). We denote the Fourier image of the spae
A′(X,G) of ultradistributions by the symbol E(Y,G). By using meth-
ods developed in [13℄ we an try to obtain an internal desription of
this G-module, Paley-Wiener theorem. However, this is not a trivial
problem.
It is important for us that E(Y,G) ontains ylindrial polynomials
(as well as nulear polynomials, see [13℄). Under some topologial re-
stritions on X (so alled approximation property, see [13℄) the Fourier
transform
F : A(X,G) → E(Y,G)
is one-to-one map. We onsider suh a lass of innite-dimensional
spaes, e.g., X = S(Rn), Y = S∗(Rn), or vie versa. Thus, for any
v ∈ E(Y,G) there exists the unique ultradistribution v˜ ∈ A′(X,G)
suh that
v(y) = F(v˜)(y) ≡
∫
ej(y,x)v˜(dy)
(as always, we use the symbol of integral to denote the pairing between
an ultradistribution and a test funtion). In the same way as in the
nite dimensional ase we introdue pseudo-dierential operators with
symbols a ∈ E(Q × P,G). Here the innite-dimensional phase-spae
is introdued in the following way.
Let Q be an R-linear loally onvex spae whih is reexif. Thus
dual spae Q∗ = P of Q (endowed with the strong topology) has the
dual spae P ∗ = Q. The spae Q × P is the phase-spae. We remark
2
We reall that |ej(y,x)| = 1, x ∈ X.
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that (Q × P )∗ = Q∗ × P ∗ = P × Q. In the above sheme we put
X = P ×Q and Y = Q× P and proeed:
ϕ(q) =
∫
e
j(p,q)
h ϕ˜(dp), ϕ ∈ E(Q,G),
a(q, p) =
∫
ej(p1,q)+j(p,q1a˜(dp1dq1), a ∈ E(Q× P,G);
aˆ(ϕ)(q) =
∫
a(q, p)e
j(p,q)
h ϕ˜(dp).
By analogy with one dimensional ase we prove (f. [11℄, [7℄):
Theorem 3. For any symbol a ∈ E(Q×P,G) the pseudo-dierential
operator aˆ : E(Q,G) → E(Q,G). For a1, a2 ∈ E(Q×P,G), the oper-
ator aˆ = aˆ1 ◦ aˆ2 is again a pseudodierential operator with the symbol
a(q, p) = a1 ∗ a2(q, p) =∫
ej(p1+p2,q)+j(p,q1+q2)+jh(p2,q1)a˜1 ⊗ a˜2(dp1dq1dp2q2).
We have the orrespondene priniple (9) where {·, ·}∗(h) and {·, ·} are
the Moyal and Poisson brakets, respetively.
Conlusion. The lassial limit of the hyperboli quantum theory
with the innite-number of degrees of freedom oinides with ordinary
lassial mehanis on the innite-dimensional phase-spae.
Thus we have two deformations of lassial eld theory: omplex
seond quantization and hyperboli seond quantization.
5 Hyperboli fermions and hyperboli
supersymmetry
Let B be an algebra over a eld K and A be a ring whih is also a
B-module and let operations of ring and module are onneted in the
natural way (in the same way as in the ase of an ordinary algebra
are related operations of a ring and a linear spae). Suh an algebrai
struture A will be alled a B-algebra.
The standard example whih has been used in this paper is some
spae A of funtions f : Rm → G. They are G-algebras.
Let us onsider a superommutative Banah G-superalgebra Λ =
Λ0 ⊕ Λ1 (see, e.g., [8℄-[10℄, [7℄ for the ordinary superommutative Ba-
nah superalgebras over R).
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For example, Λ an be a Grassmann G-algebra with n-generators
θ1, . . . , θn :
Gn = {u =
∑
α
cαθ
α : cα ∈ G}
and α = (α1, . . . , αn), αj = 0, 1, θ
α = θα11 . . . θ
αn
n and θiθj = −θjθi.
In the same way as in [7℄ we should onsider G-superalgebras Λ =
Λ0 ⊕ Λ1 with trivial Λ1-annihilators:
⊥Λ1 = {u ∈ Λ : uλ = 0,∀λ ∈ Λ1} = {0}.
All Grassmann G-algebras with a nite number of generators have
nontrivial Λ1-annihilators. As an example of a superommutative Ba-
nah G-superalgebra with trivial Λ1-annihilator we an onsider an
innite dimensional Banah-Grassmann G-superalgebra, see [7℄.
We onsider the superspae over G : Rk,l = Λk0 ×Λ
l
1 and onstrut
the hyperboli alulus of super pseudo-dierential operators by om-
bining results of setion 2 and [7℄. We obtain the following result:
Theorem 4 Hyperboli Moyal super braket is a deformation of
the ordinary Poisson braket on the superspae.
I would like to thank A. Aspet, L. Aardi, L. Ballentine, D.
Greenberger, S. Gudder, G. `t Hooft, A. Leggett, V. S. Vladimirov,
I.V. Volovih for fruitful disussions on 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and its hyperboli generalizations.
Referenes.
1. A. Yu. Khrennikov, Linear representations of probabilisti
transformations indued by ontext transitions. J. Phys.A: Math.
Gen., 34, 9965-9981 (2001). http://xxx.lanl.gov/abs/quant-ph/0105059.
A. Yu. Khrennikov, Interferene of probabilities and number eld
struture of quantum models. Annalen der Physik, 12, 575-585 (2003).
2. J. Huks, J. Math. Phys., 34, 5986 (1993).
3. I. Porteous, Cliord algebras and the lassial groups, Cambridge
Univ. Press, Cambridge, 1995.
4. S. Ulryh, Phys. Letters B, 612, 89-91 (2005).
S. Ulryh, Phys. Letters B, 618, 233-236 (2005)
S. Ulryh, Relativisti quantum physis with hyperboli numbers.
Preprint (Zürih, Switzerland).
5. G. Kustatter, J. W. Moat, J. Malzan, J. Math. Phys., 24, 886
(1983).
6. J. E. Moyal, Quantum mehanis as a statistial theory. Pro.
Camb. Phil. So, 45, 99-124 (1949).
13
7. G. Dito and D. Sternheimer, Deformation quantization: genesis,
developments and metamorphoses. Deformation quantization (Stras-
bourg, 2001), 954, IRMA Let. Math. Theor. Phys., 1, de Gruyter,
Berlin, 2002.
8. A. Yu. Khrennikov, Supernalysis. Nauka, Fizmatlit, Mosow,
1997 (in Russian). English translation: Kluwer, Dordreht, 1999.
9. V. S. Vladimirov and I. V. Volovih, Superanalysis, 1. Dieren-
tial Calulus. Teor. and Matem. Fiz., 59, No. 1, 327 (1984).
V. S. Vladimirov and I. V. Volovih , Superanalysis, 2. Integral
Calulus. Teor. and Matem. Fiz., 60, No. 2, 169198 (1984).
10. A. Yu. Khrennikov, Funtional superanalysis. Uspehi Matem.
Nauk, 43, 87-114 (1988).
11. A. Yu. Khrennikov, Seond quantization and pseudo-dierential
operators. Theor. and Math. Phys., 66, 339-349 (1985); The priniple
of orrespondene in quantum theories of eld and relativistis bosoni
string. Matematiheskii Sborni, 180, 763-786 (1989).
12. O. G. Smolyanov, Innite-dimensional pseudo-dierential op-
erators and Shrödinger quantization. Dokl. Akad. Nauk USSR, 263,
558-561 (1982).
13. A. Yu. Khrennikov, The Feynman measure on the phase
spae and symbols of innite-dimensional pseudo-dierential opera-
tors Math. Notes, 37, 734-742 (1985); Innite-dimensional pseudo-
dierential operators. Izvestia Akademii Nauk USSR, ser.Math., 51,
N. 6, 46-68 (1987); A. Yu. Khrennikov, H. Petersson, Theorem of
Paley-Wiener for generalized analyti funtions on innite-dimensional
spaes, Ibid, 65, N. 2, 201-224 (2001).
14
